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0. Introduction

Charged particle in the quantized electromagnetic field:

-
Hamiltonian in the dipole approximation is

H(p) = 5 (p— cA()) + Hy + eAo(e),
N

where

m >0 and e € R : mass and charge of the particle
p € R3 : momenta of the particle

¢ : R3 — R : charge distribution

H¢ : Hamiltonian of the electromagnetic field

(A, Ap) : electromagnetic vector potential and

Au() = [ Au@)e(@).



-
Decomposition of the vector field:

A=At + Al Ag=as
Hf = Hf" -I-H]l| + Hz,

where -, I and S denotes transversal, longitudinal and scalar:

V- -A+t =0

Coulomb gauge: V-A =0, i.e., Al =0.

1 2 2
Heoul(p) = > (P — €AL(90)) + HfL + %E%

where E, = ||95/w||%2(R3) with w(k) = |k|.

Quantization : [A:(z), AjL(y)] = ic%(x —y).
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Known result(A. Arai '81,’83) Suppose wa/2HL2(R3)’

L2(R3)
Then under some conditions for ¢:

e Hcoy(p) is defined on the Hilbert space

r(e2L2R3) = @ of [$212(R?)
n=0
and

Hcoul(p) : self-adjoint on D(HZ)

e o(Hcoul(p)) CR and E(Hcou(p)) = info(Hcou(p)) > —oo.

o .
o Hw3/2 ‘LQ(R?)) < 00 = Hcoy(p) has a unique ground state.
@ —
o Hw3/2 ‘L2(R3) = oo and p # 0 = Hcgy(p) has no ground state.

< oQ.
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1. Definitions

E
Quantization:

[Ap(z), Av(y)] = —igud(z —y)
with

L goo — 1:_gjj (]: 17273)7 g,lU/:O (M#V)

Let us define

H(p) =5 (p— cA())? + Hr + eAo(¢)

on

H = (@*L3(R3)) = é @¢ [@*L?(R?)].
n=0



Creation and annihilation ops: a*(f; 1) and a(g; v) satisfy
o a*(fip) =a(fiw)* feL?(R3, p=1,2,3,0;
* [G(f,,LL),Cﬁ(Q,V)] — 5IJJV(fag)L2(R3>r f:g S LQ(RS)a My V — 1727370

e for the vacuum Q :={1,0,0,---} € M(@*L2(R3)),
a(fim)R=0, felL?*R%, p=1,23,0.

Denote

a(fim) = [ f(R)alk;mydk, o (fim) = [ F(k)a" (ki p)dk.
Hamiltonian of the field:
3

Hf = /w(k) {Z a*(k; n)a(k; ,u)] dk

p=0
with w(k) = |k|.



Field operators:

A(x) =

3
ik-x : —ikx _*(71.. e()
/\/2(27r)3w(k¢) zz (¢ 7akit) +Ha (ki ) D CE)

Ao(z) = (™ *a(k; 0) — e ¥a*(k; 0))

/ \/2(27r)3w(k)

where e() (k) € R3 is the polarization vector:

eO(k) - e (k) = oy, @ := %

4 . w(k) 3 1k-x . —rkx _*/1..
A(z) = —z/dk 5(o)3 Zl( Eea(k; 1) — e *a* (k;1)) eD (k)

Ao(z) = _z'/dk,/;z(i;?) e a(k; 0) + e " a*(k; 0)),




Remark:

e Hf and A are self-adjoint but Ap not even Hermitian.

o A= AL+ Al

Al(z) = > (% ak; 1) + e *a*(k; 1)) e (k)

/ dk
\/2(27T)3w(k) =1

Al(z) =

dk 1k-x . —ikx _*(71..
/ V2(2m)%u (k) (a4 e (59) €00

o Hf = HL + H + HS:

2
Hf = /w(k) {Z a*(k;Da(k; 1) +a*(k;3)a(k;3) + a*(k; 0)a(k;0)| dk
=1



Let
n . a unitary self-adjoint operator

such that n =n* =n~1, nQQ = Q and

na(f; W) = (=1)°0a(f;p), na*(f; w)n = (=1)°0a*(f; ).

.
PROPOSITION Suppose $/wl/2, /w™! e L2(R3). Then:

1
H(p) = - (p — eA(p))? + Hr + eAg(yp)
is a closed operator with the domain D(H(p)) = D(Hf) and

H(p) is n-self-adjoint

H(p)'" :=nH(p)*n = H(p).




New metric: Let
(W | D) = (W, nP)y, WV, PcH.
Then:

e For W e D(H(p)),

(W H(p)V) =(H(p)V | V) eR.

o Let al(f:p) =a*(f; ). Then (Q| Q) =1>0 and
(@ (£:0)Q | a¥(£:0)Q) = ~|fll 2(g3) < O

~.{-]-) is an indefinite metric!



2. Results

Assumptions:
e Je > 0 such that [[eT“||0 < 00,
e Jp on [0,00) such that ¢(k) = p(|k|),
e p(s) >0 for s =0,
o F(s) := p(y/35)%\/s € LP([0,0);ds) for some 1 < p,
e O <da<1s.t.

|F'(s+ h) — F(s)| < K|h|®
forall sand O < h <1.
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PROPOSITION (Existence of dynamics and asymptotic field)

e There exists a solution A,(x,t) of the Heisenberg equation

d
L Ao, = iHP), Au(a.0)

with A,(z,0) = A,u(x).

e [ here exist the limits
Az (z, D)W = lim Aj(z, )V,

where A7 (x,t) (s € R) is the free field such that

2
—s Ay (2, )V — AA (2, )W =0

with A} (z,s) = A,u(a: s) and AS n(x,8) = Az, s).
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Remark: Formally,

o A,(x,t) is given by

Az, t) = eitH(p)Au(:c)e_itH(p)

but e~ itH(P)is 77

o A (z,t) is given by

A,LSL(:Ea t) — €iSH(p)e_i(t_S)HfAlu(ai)ei(t_S)er_iSH(p).
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THEOREM (Physical subspace)

%
3/2

VE cr(@*L3(RrR3))

phys
such that:

° Vphys
phys # {O} <W | \U> Z 07 W S Vphys

e For W c VphyS'

<w' [%Ag(m,t) + V. Ai(x.t)] w> —o0.

¢ Vphys 7 Vp_hyS'

IS non-trivial, closed and positive semi-definite,

i.e.
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LEMMA

o H(p) (Vopys N D(H(P))) C V5,

phys

o K*(p) := H(p)

where

+
phys

l;t

null -

phys®

IS a densely defined closed operator and

Ki(p)Vr:]I:u“ C Vrjfun»

={V € Vs | (W | W) =0},

14



-
DEFINITION
Physical Hilbert space:

7{phy5' phys/L%uH
with
(W44, [¢i]i>H§ Wi (Wi |Py), Wi, dyc Vphys

Physical Hamiltonian:

_11-1
\ phys(p) =z+ [(Ki(p) — z) 1L with some z € C\ spec(H). /

Here, for a bounded operator L on V

[L]£[W]t = [LWV]g,
[W]L : the element of HE

phys'’

associated with W & V

phys phys

is well-defined if Lvnu” C Vnu”
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THEOREM (Physical Hilbert space and Hamiltonian)

Suppose $/w3/2 € L2(R3). Then:

o H o(p) is well-defined, self-adjoint and
2
p
Hp o (p) ~ + HE 4+ Eg+ E;  on M(&2L2(R3)),
2mesr
where
H%:/w(k) S a*(k; Dalk; 1)dk
=12
62 . 2
meff = m + 2Eg, Eg = §H<P/WHL2(R3;dk),
. 3 /oo 6252”@/(32 ‘I'WQ)H%Q(]R?);CHC) g
1= 5= S
2 =00 1 4 €2)18/1/52 + w2125 3. 1y
o HE (p) has a unique ground state.

phys
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3. Proofs FrixpcR3

e Define Ag(x,t) by the solution of
OAg(z,t) = ep(x),

which is exactly solvable. Then
d

o Let HFl(p) = H(p) — HE — Ap(yp) and define

Az, t) = e’itHJ‘_i_”(p)A(x)e—itHJ—‘Hl(p), i=1,2.3

T hen

%Aj(a:,t) = i[HLT(p), A; (2, 1)] = i[H(p), A;(z, ).

“ Ao (a, 1) = ilHF + Ao(p), Ao(a, )] = ilH (), Ao(a, D).

17



Exact solution of the Heisenberg equation:

THEOREM Let |—£;| < c0. Then

FU(p) (unitary)
such that

b(f,5) = U(p)a(f,HUP) ", fecL?*R>)

satisfy the following:

b(f,1),b" 1 (9, )] = 655(T, 9) L2 w3y
b(f,4),b(g,5)] = [bT(£,1),b'(g,5)] = 0,
H(p),b'(f,7)] = bl (wf,5)
(H(p),b(f,7)] = —b(wf,j).

Moreover, Q2(p) = U(p)S2 is a unique vector satisfying

b(f,HNQp) =0, feL?R3), j=1,2,3

up to constant factor.
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Proof. Let
Tf = f + e?QvVwGvwpf,

where G = ”mew G,

: f ()
Gef(k) = | _dk
B (k)2 = w(k)? 4 ie) yw(k)w (k)
5(k) . |
Q) = pc ey Do) =limD(s £ie)

with

D(2)=m —¢e2 | dk .
(2)=m—e R3  z — w(k)?
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Let | 3 ; i i D; e(j)Q
b(f,7) = Z; ( (WZf,4) +a(Wif )—6\@<w3/2 f>>
3 (1A
i 7 17 P /€ Q
b(f)]) Z;( (W f,’L)—'—CL(W f,’l,) e\/§<w3/2’f>)7
where 3
i 1 ; 1, L 1 :
Wif = El;eg ) (WT V& + V&T 75) ey,
13 1 1\ 79 -
ijp __ (4) [+ _ « + \ ()
W_f—zl;el <\/5T\/_ VwT ﬁ)el f
The map W T 2 [ 3 2 [ 3
W = [WJ_r Wj D | DL*R3)| — P |P L2(R3)

has the symplectic structure:

W IW = WIW* = J, J = lé _01]

and W_ is a Hilbert-Schmidt operator. [

20



-
THEOREM (Exact solution of the Heisenberg equation)

. 1 3 . N
A(f,t) = o Z [bT (eth\/Ee(Z)Tf > -I-b( _th\/c_ue(Z)Tf, z)] .
L 1=1
Let
a_(h,§) = b(h,5), al (h,j) =0bl(h,3),
3 3 .
atr(h,g) =Y b(LYh,i), al (h,5) =3 bI(ZVh,1),
1=1 1=1
where

§ 3
Lih = 6;;h — ine?Qew 3 el [eh]
[=1
with [f1(k) = Js, F(IK2)d2
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p
THEOREM (Asymptotic field)

AT x,t) =
(0 / V2(2m)3w (k)
3
v lz:l (e—z’w(kz)t—l—ikz.xai(k; D) + ez’w(k:)t—ik:a:al(k; l)) e(l)(k)
AjE x,t) =
() = / \/2(271)3w(k)

< < —iw(k)t+ik- o (k:0) — eiw(k)t—ikxaj:(k; O)) .

N
Then

%Ag(az, )+ V- At(zt)

— /dk (e—iW(/{)t—Fik-mCi(k) + Giw(k)t_ikaTi(IC)) .
Define

V:I:

ohys ‘= LWV | c+(k)V = 0}.
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4. Concluding Remark

E
THEOREM (Absence of physical subspace)

et H

=73 ‘ = 0. [ hen

phys — {O}
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