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0. Introduction

Charged particle in the quantized electromagnetic field:

¶ ³

Hamiltonian in the dipole approximation is

H(p) =
1

2m
(p− eA(ϕ))2 + Hf + eA0(ϕ),

µ ´

where

m > 0 and e ∈ R : mass and charge of the particle

p ∈ R3 : momenta of the particle

ϕ : R3 → R : charge distribution

Hf : Hamiltonian of the electromagnetic field

(A, A0) : electromagnetic vector potential and

Aµ(ϕ) :=
∫

Aµ(x)ϕ(x).
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¶ ³

Decomposition of the vector field:

A = A⊥ + A‖, A0 = As

Hf = H⊥
f + H

‖
f + Hs

f ,

where ⊥, ‖ and s denotes transversal, longitudinal and scalar:

∇ ·A⊥ = 0.
µ ´

Coulomb gauge: ∇ ·A = 0, i.e., A‖ = 0.

HCoul(p) =
1

2m

(
p− eA⊥(ϕ)

)2
+ H⊥

f +
e2

2
Eϕ,

where Eϕ = ‖ϕ̂/ω‖2
L2(R3)

with ω(k) = |k|.

Quantization : [A⊥i (x), Ȧ⊥j (y)] = iδ⊥ij(x− y).
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Known result(A. Arai ’81,’83) Suppose
∥∥∥ ϕ̂

ω1/2

∥∥∥
L2(R3)

,
∥∥∥ϕ̂
ω

∥∥∥
L2(R3)

< ∞.

Then under some conditions for ϕ:

• HCoul(p) is defined on the Hilbert space

Γ(⊕2L2(R3)) =
∞⊕

n=0

⊗n
s

[
⊕2L2(R3)

]

and

HCoul(p) : self-adjoint on D(H⊥
f )

• σ(HCoul(p)) ⊂ R and E(HCoul(p)) := inf σ(HCoul(p)) > −∞.

•
∥∥∥ ϕ̂

ω3/2

∥∥∥
L2(R3)

< ∞⇒ HCoul(p) has a unique ground state.

•
∥∥∥ ϕ̂

ω3/2

∥∥∥
L2(R3)

= ∞ and p 6= 0 ⇒ HCoul(p) has no ground state.
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1. Definitions

¶ ³

Quantization:

[Aµ(x), Ȧν(y)] = −igµνδ(x− y)

with

g00 = 1 = −gjj (j = 1,2,3), gµν = 0 (µ 6= ν).
µ ´

Let us define

H(p) =
1

2m
(p− eA(ϕ))2 + Hf + eA0(ϕ)

on

H := Γ(⊕4L2(R3)) =
∞⊕

n=0

⊗n
s

[
⊕4L2(R3)

]
.
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Creation and annihilation ops: a∗(f ;µ) and a(g; ν) satisfy

• a∗(f ;µ) = a(f̄ ;µ)∗, f ∈ L2(R3), µ = 1,2,3,0;

• [a(f ;µ), a∗(g; ν)] = δµν(f̄ , g)L2(R3), f, g ∈ L2(R3), µ, ν = 1,2,3,0

• for the vacuum Ω := {1,0,0, · · · } ∈ Γ(⊕4L2(R3)),

a(f ;µ)Ω = 0, f ∈ L2(R3), µ = 1,2,3,0.

Denote

a(f ;µ) =
∫

f(k)a(k;µ)dk, a∗(f ;µ) =
∫

f(k)a∗(k;µ)dk.

Hamiltonian of the field:

Hf :=
∫

ω(k)




3∑

µ=0

a∗(k;µ)a(k;µ)


 dk

with ω(k) = |k|.
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Field operators:

A(x) =
∫

dk√
2(2π)3ω(k)

3∑

l=1

(
eik·xa(k; l) + e−ikxa∗(k; l)

)
e(l)(k)

A0(x) =
∫

dk√
2(2π)3ω(k)

(
eik·xa(k; 0)− e−ikxa∗(k; 0)

)
,

where e(l)(k) ∈ R3 is the polarization vector:

e(l)(k) · e(l′)(k) = δll′, e(3) :=
k

|k|.

Ȧ(x) = −i
∫

dk

√
ω(k)

2(2π)3

3∑

l=1

(
eik·xa(k; l)− e−ikxa∗(k; l)

)
e(l)(k)

Ȧ0(x) = −i
∫

dk

√
ω(k)

2(2π)3

(
eik·xa(k; 0) + e−ikxa∗(k; 0)

)
,
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Remark:

• Hf and A are self-adjoint but A0 not even Hermitian.

• A = A⊥ + A‖:

A⊥(x) =
∫

dk√
2(2π)3ω(k)

2∑

l=1

(
eik·xa(k; l) + e−ikxa∗(k; l)

)
e(l)(k)

A‖(x) =
∫

dk√
2(2π)3ω(k)

(
eik·xa(k; 3) + e−ikxa∗(k; 3)

)
e(3)(k)

• Hf = H⊥
f + H

‖
f + Hs

f :

Hf =
∫

ω(k)




2∑

l=1

a∗(k; l)a(k; l) + a∗(k; 3)a(k; 3) + a∗(k; 0)a(k; 0)


 dk
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Let

η : a unitary self-adjoint operator

such that η = η∗ = η−1, ηΩ = Ω and

ηa(f ;µ)η = (−1)δµ0a(f ;µ), ηa∗(f ;µ)η = (−1)δµ0a∗(f ;µ).

¶ ³

PROPOSITION Suppose ϕ̂/ω1/2, ϕ̂/ω−1 ∈ L2(R3). Then:

H(p) =
1

2m
(p− eA(ϕ))2 + Hf + eA0(ϕ)

is a closed operator with the domain D(H(p)) = D(Hf) and

H(p) is η-self-adjoint

i.e.,

H(p)† := ηH(p)∗η = H(p).
µ ´
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New metric: Let

〈Ψ | Φ〉 := (Ψ, ηΦ)H, Ψ,Φ ∈ H.

Then:

• For Ψ ∈ D(H(p)),

〈Ψ | H(p)Ψ〉 = 〈H(p)Ψ | Ψ〉 ∈ R.

• Let a†(f ;µ) = a∗(f ;µ). Then 〈Ω | Ω〉 = 1 > 0 and

〈a†(f ; 0)Ω | a†(f ; 0)Ω〉 = −‖f‖L2(R3) < 0.

∴ 〈· | ·〉 is an indefinite metric!
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2. Results

Assumptions:

• ∃ε > 0 such that ‖e+εωϕ̂‖∞ < ∞,

• ∃ρ on [0,∞) such that ϕ̂(k) = ρ(|k|),

• ρ(s) > 0 for s 6= 0,

• F (s) := ρ(
√

s)2
√

s ∈ Lp([0,∞); ds) for some 1 < p,

• 0 < ∃α < 1 s.t.

|F (s + h)− F (s)| ≤ K|h|α

for all s and 0 < h ≤ 1.
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PROPOSITION (Existence of dynamics and asymptotic field)

• There exists a solution Aµ(x, t) of the Heisenberg equation

d

dt
Aµ(x, t) = i[H(p), Aµ(x, t)]

with Aµ(x,0) = Aµ(x).

• There exist the limits

A±µ (x, t)Ψ := lim
s→±∞As

µ(x, t)Ψ,

where As
µ(x, t) (s ∈ R) is the free field such that

d2

dt2
As

µ(x, t)Ψ−∆As
µ(x, t)Ψ = 0

with As
µ(x, s) = Aµ(x, s) and Ȧs

µ(x, s) = Ȧµ(x, s).
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Remark: Formally,

• Aµ(x, t) is given by

Aµ(x, t) = eitH(p)Aµ(x)e
−itH(p)

but e−itH(p)is ??

• As
µ(x, t) is given by

As
µ(x, t) = eisH(p)e−i(t−s)HfAµ(x)e

i(t−s)Hfe−isH(p).
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THEOREM (Physical subspace)

Suppose
∥∥∥ ϕ̂

ω3/2

∥∥∥ < ∞. Then

∃V±phys ⊂ Γ(⊕4L2(R3))

such that:

• V±phys is non-trivial, closed and positive semi-definite, i.e.

V±phys 6= {0}, 〈Ψ | Ψ〉 ≥ 0, Ψ ∈ V±phys.

• For Ψ ∈ V±phys,

〈
Ψ

∣∣∣∣
[

d

dt
A±0 (x, t) + ∇ ·A±(x.t)

]
Ψ

〉
= 0.

• V+
phys 6= V−phys.
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LEMMA

• H(p)
(
V±phys ∩D(H(p))

)
⊂ V±phys.

• K±(p) := H(p)
∣∣∣∣V±phys

is a densely defined closed operator and

K±(p)V±null ⊂ V±null,

where

V±null := {Ψ ∈ V±phys | 〈Ψ | Ψ〉 = 0}.
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¶ ³

DEFINITION

Physical Hilbert space:

H±phys := V±phys/V±null

with

〈[Ψ±]±, [Φ±]±〉H±phys
:= 〈Ψ± | Φ±〉, Ψ±,Φ± ∈ V±phys.

Physical Hamiltonian:

H±
phys(p) := z +

[(
K±(p)− z

)−1
]−1

±
with some z ∈ C \ spec(H).

µ ´

Here, for a bounded operator L on V±phys,

[L]±[Ψ]± = [LΨ]±,

[Ψ]± : the element of H±phys associated with Ψ ∈ V±phys

is well-defined if LV±null ⊂ V±null.
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¶ ³

THEOREM (Physical Hilbert space and Hamiltonian)

Suppose ϕ̂/ω3/2 ∈ L2(R3). Then:

• H±
phys(p) is well-defined, self-adjoint and

H±
phys(p) ∼ p2

2meff
+ H⊥

f + E0 + E1 on Γ(⊕2L2(R3)),

where

H⊥
f =

∫
ω(k)

∑

l=1,2

a∗(k; l)a(k; l)dk

meff = m + 2E0, E0 =
e2

2
‖ϕ̂/ω‖2

L2(R3;dk),

E1 =
3

2π

∫ ∞
−∞

e2s2‖ϕ̂/(s2 + ω2)‖2
L2(R3;dk)

m + e2‖ϕ̂/
√

s2 + ω2‖2
L2(R3;dk)

ds.

• H±
phys(p) has a unique ground state.

µ ´
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3. Proofs Fix p ∈ R3.

• Define A0(x, t) by the solution of

¤A0(x, t) = eϕ(x),

which is exactly solvable. Then

d

dt
A0(x, t) = i[Hs

f + A0(ϕ), A0(x, t)] = i[H(p), A0(x, t)].

• Let H⊥+‖(p) = H(p)−Hs
f −A0(ϕ) and define

A(x, t) = eitH⊥+‖(p)A(x)e−itH⊥+‖(p), j = 1,2,3.

Then

d

dt
Aj(x, t) = i[H⊥+‖(p), Aj(x, t)] = i[H(p), Aj(x, t)].
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Exact solution of the Heisenberg equation:

THEOREM Let
∥∥∥ ϕ̂

ω3/2

∥∥∥ < ∞. Then

∃U(p) (unitary)

such that

b(f, j) = U(p)a(f, j)U(p)−1, f ∈ L2(R3)

satisfy the following:

[b(f, i), b† † (g, j)] = δij(f̄ , g)L2(R3),

[b(f, i), b(g, j)] = [b†(f, i), b†(g, j)] = 0,

[H(p), b†(f, j)] = b†(ωf, j)

[H(p), b(f, j)] = −b(ωf, j).

Moreover, Ω(p) = U(p)Ω is a unique vector satisfying

b(f, j)Ω(p) = 0, f ∈ L2(R3), j = 1,2,3

up to constant factor.
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Proof. Let

Tf = f + e2Q
√

ωG
√

ωϕ̂f,

where G = limε↓0 Gε,

Gεf(k) =
∫

R3
dk′ f(k′)

(ω(k)2 − ω(k′)2 + iε)
√

ω(k)ω(k′)

Q(k) =
ϕ̂(k)

D+(ω(k)2)
, D±(s) = lim

ε↓0
D(s± iε)

with

D(z) = m− e2
∫

R3
dk

ϕ̂(k)2

z − ω(k)2
.
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Let
b(f, j) =

3∑

i=1


a†(W ij

− f, i) + a(W ij
+f, i)− e

pi√
2

〈
e
(j)
i Q

ω3/2
, f

〉


b†(f, j) =
3∑

i=1


a†(W̄ ij

+f, i) + a(W̄ ij
− f, i)− e

pi√
2

〈
e
(j)
i Q̄

ω3/2
, f

〉
 ,

where
W

ij
+f =

1

2

3∑

l=1

e
(i)
l

(
1√
ω

T ∗
√

ω +
√

ωT ∗ 1√
ω

)
e
(j)
l f,

W
ij
− f =

1

2

3∑

l=1

e
(i)
l

(
1√
ω

T ∗
√

ω −√ωT ∗ 1√
ω

) ˜
e
(j)
l f̃ .

The map

W =

[
W+ W̄−
W− W̄+

]
:

2⊕



3⊕
L2(R3)


 −→

2⊕



3⊕
L2(R3)




has the symplectic structure:

W∗JW =WJW∗ = J, J =

[
1 0
0 −1

]

and W− is a Hilbert-Schmidt operator. ¤
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¶ ³

THEOREM (Exact solution of the Heisenberg equation)

A(f, t) =
1√
2

3∑

i=1


b†


eitωe(i)

√
ω

T̄ f̂ , i


 + b


e−itωe(i)

√
ω

T ˜̂f, i







+
ep

meff

〈
ϕ̂

ω3/2
,

f̂√
ω

〉
,

Ȧ(f, t) =
1√
2

3∑

i=1

[
b†

(
eitω√ωe(i)T̄ f̂ , i

)
+ b

(
e−itω√ωe(i)T ˜̂f, i

)]
.

µ ´

Let

a−(h, j) = b(h, j), a
†
+(h, j) = b†(h, j),

a+(h, j) =
3∑

i=1

b(Lijh, i), a
†
+(h, j) =

3∑

i=1

b†(L̄ijh, i),

where

Lijh = δijh− iπe2Qϕ̂ω
3∑

l=1

e
(i)
l [e(j)l h]

with [f ](k) =
∫
S2

f(|k|Ω)dΩ.

21



¶ ³

THEOREM (Asymptotic field)

A±(x, t) =
∫

dk√
2(2π)3ω(k)

×
3∑

l=1

(
e−iω(k)t+ik·xa±(k; l) + eiω(k)t−ikxa∗±(k; l)

)
e(l)(k)

A±0 (x, t) =
∫

dk√
2(2π)3ω(k)

×
(
e−iω(k)t+ik·xa±(k; 0)− eiω(k)t−ikxa∗±(k; 0)

)
.

µ ´

Then

d

dt
A±0 (x, t) + ∇ ·A±(x.t)

=
∫

dk
(
e−iω(k)t+ik·xc±(k) + eiω(k)t−ikxc

†
±(k)

)
.

Define

V±phys := {Ψ | c±(k)Ψ = 0}.

22



4. Concluding Remark

¶ ³

THEOREM (Absence of physical subspace)

Let
∥∥∥ ϕ̂

ω3/2

∥∥∥ = ∞. Then

V±phys = {0}.
µ ´

23


